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Abstract 

Let = 1 mod 4 be the negative of a prime, K = Q(\/iV) and Ok its ring of 
integers. Let P be a prime ideal in Ok of prime norm congruent to 3 modulo 4. 
Under these assumptions, there exists Hecke characters ipT> of K with conductor (P) 
and infinite type (1, 0). Their L-series L^Tpx), s) are associated to a CM elliptic curve 
^{N, V) defined over the Hilbert class field of K. We will prove a Waldspurger-type 
formula for L{^x>,s) of the form L{ipx>A) = ^ Z][y4] / ^(^' [-^l; -^)"^[^],-f ([^]) where 
the sum is over class ideal representatives / of a maximal order in the quaternion 
algebra ramified at |A^| and infinity and [A] are class group representatives of K. 
An application of this formula for the case N = —7 will allow us to prove the 
non- vanishing of a family of L-series of level 7\D\ over K. 
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1 Introduction 



Given an elliptic curve E over Q, and a fundamental discriminant a formula 
of Waldspurger relates the value of L{E^D, 1), the twist of E by D, with the 
coefficients of a 3/2 modular form (see [18]). The purpose of this work is to 
get a formula for quadratic twists of a family of elliptic curves with complex 
multiplication not defined over the rationals. 
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Given an imaginary quadratic field K the theory of complex multiplication 
(see [13]) gives a relation between elliptic curves with CM given by an order 
of K and L-series associated to Hecke characters ip on K. The simplest case 
is when K = Q{\/N) with N = 1 mod 4 the negative of a prime and is 
a character of conductor V^. In this case the L-series corresponds to a CM 
elliptic curve ^{N) studied by Gross in [4], defined over H, the Hilbert class 
field of K. A formula for the central value of L{ip, 1) was given by Villegas in 
[17]. 

In this paper we will study the central value of the L-series corresponding 
to the CM elliptic curves 2l(iV, P), given by twists of 2t(iV) by the quadratic 
character of conductor \fNT> where D is a prime ideal of K prime to \fN and 
with prime norm congruent to 3 modulo 4. If we denote h the class number of 
the prime ideal T> has h Hecke characters z/'d of conductor V associated to 
it. The relation between the L-series of 2l(A'", D) and L{t/jx>, s) is given exphcitly 
by: _ 

L(2l(7V, V)/H, s) = n M^-D^ ^W-D, s) 

Ip-D 

where H is the Hilbert class field of K and the product is over the h Hecke 
characters associated to V (see [4] formula (8.4.4) and Theorem 18.1.7). If we 
define 05 be the Weil restriction of scalars of 2l(A^, V) to K, then 05 is a CM 
abehan variety, and L{%{N, V)/H, s) = L{^/K, s). 

Let B be the quaternion algebra ramified at |A^| and infinity. Given an element 
X & B we denote N(a;) xx its norm and Tr(a;) := x-\-x its trace. To the ideal 
T> and an element [A\ of CI{Ok) we will associate a maximal order 0[^],[-d] in 
B depending only on [A\ and the class of T>. If {/} are representatives for left 
0[^],[D]-ideals, the main theorem (Theorem 6) gives the formula L{'ipx>^ 1) = 
^H[A\,i^{^-i [^-i ■^)^[A\,i{\P]) where the sum is over the ideals {/} and ideal 
representatives of Ok, is a period, r{V, [^], /) is a rational integer and the 
numbers ?7t.[^] ^([1?]) are algebraic integers. 

The paper consists of four chapters besides the introduction. In the second 
chapter we give the basic definitions and derive a first formula for the value 
of the L-series at 1 (following Hecke's work on L-series, see [7]). Later we 
relate Theta functions of quadratic forms to Theta functions on the Siegel 
space. In the third chapter we introduce the period Vt and using Shimura's 
theory in Complex Multiplication we compute the field where the algebraic 
integers m\^A\,i belong to. In the fourth chapter we study the problem of decid- 
ing whether two points in the Siegel space are equivalent or not in our specific 
case. For this purpose we introduce quaternion algebras, and relate special 
points with left ideals. In the last chapter we study in detail the case 

when the class number of K is one. In this case the elliptic curve 2l(A^) is 
defined over Q and the numbers m\^A\,i turn out to be rational integers. In the 
case N — —7 using the fact that the quaternion algebra has class number 1 
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for maximal ideals, we prove that the CM elliptic curves ^{N, T>) defined over 
K have a non-vanishing L-series for all primes T). 

We finish this work with a remarkable relation between the numbers Tn\^_A\,i 
and the coordinates of the eigenvector of the modular form associated to ^{N) 
represented in the Brandt matrices of level N"^. 

The author would like to thank the referee for suggesting a better organization 
of this work. 



2 L-series 

2.1 L-series definition 

Given a number field i^, we will denote Ok its ring of integers, CI{Ok) its 
class group and h its class number. 

Let N =1 mod 4 be the negative of a prime, N ^ —?, and K :— Q(-\/]V). Let 
D = 1 mod 4 be the negative of a prime such that the ideal generated by D 
splits completely in K, i.e. {D) = {V){V). We will denote L := Q(V^). Since 
the rings Ok I'D and Z/|£)|Z are isomorphic we define Sx) by: 




{ZI\D\ZY 



where (j^j is the Kronecker symbol. The character Sd induces a Hecke char- 
acter -0X1 on principal ideals by %1)xi{{ol)) — £x)(ck)q;- 

Proposition 1 The character ipT> on principal ideals is well defined. 

Proof. Since 1 and —1 are the only units in K, we must check that = 
—ex>{—o:)a. This follows from the fact that £d is multiplicative and \D\ = 
3 mod 4, hence £T>{—i) = — 1 □ 

Given T> let av denote an element in Gal{K^^/K) corresponding to T> via the 
Artin-Frobenius map, where K^^ denotes the abelian closure of K. We can 
define Sx) in a different way: 

Proposition 2 Ifa^V, ev{a) = {^/a)"^-'^ 

Proof. It is clear that -J(x^ = C,2\^ where ,^2 = =tl- By definition given D 
an ideal of K lying above V, ax> satisfies ^2^/^ = \f(y^^ = v^'^' mod 2D. But 
^Jo^:^^ = 0L~^ \foL hence = ^2 mod T>. In particular Sxiot) = £v{^2) ~ 

^2 since \D\ = 3 mod 4. □ 
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The character actually depends of the choice of T) (i.e. we have one character 
associated to T) and another one associated to T)). Abusing notation -0 will 
denote the character associated to T> if it makes no confusion. 
The character defined on principal ideals extends to h Hecke characters on 
I {Ok) the set of ideals of Ok- We fix an extension once and for all and we 
call it ■0- Then ip : I {Ok) — > T^, where is a degree h field extension of K. 

Definition 3 The L-series associated to ip is 




where the sum is over all ideals A of Ok- 

By Hecke's work we know that L{iIj, s) extends to an analytic function in the 
upper half plane, and satisfies the functional equation: 

where w^p is the root number. The character i/j defines a weight 2 modular 
form given for z in the upper half plane by /^(-z) = Z)^ '0(«^)e^'^*^^'^, which 
has level ND. The root number is given by = f^{-j^)/f^{-j^). 

Proposition 4 Let a be a generator of T>^ . The root number in the func- 
tional equation for ip-p is ~ ^2 (j^) ^]^; where ^2 is —1 if 2 is ramified in 

K{'\J aV^) and 1 if not. 

Proof. See [1] proposition 10.6, page 20. This is equivalent to saying that if 
a is the generator of such that K{\/ aVN) is a quadratic extension of K 
of conductor yfNV then = — (j^) ^j^- D 

The characters t/' are associated to a CM elliptic curve 2l(A^, T>) defined over 
i7, the Hilbert class field of iiT, by the formula: 

ll>T> 

See [4] formula (8.4.4) and Theorem 18.1.7. 
2.2 Choosing characters in a consistent way 

Let V and V be prime ideals of K as before (i.e. they have prime norm 
congruent to 3 modulo 4). While extending the Hecke character ■^xi to I {Ok) 
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we get a field extension T^^. If we extend the Hecke character associated to 
V in an arbitrary way, the image of both characters will lie in different fields. 
There is a natural way of defining a Hecke character tjjx)/ associated to T>' such 
that %Ijx>i{I{Ok)) C T^j,. Any ideal of K raised to the /i-power is principal, 
hence for all ideals A prime to T>T>' we define: 

MA)^MAf-^^ (2) 

There is some abuse of notation on this definition since although is prin- 
cipal, it has two generators a and —a. But £x)(— = — £d(q!) and ex?'!""^) ~ 
—£d> (a) hence the quotient is well defined. 

Proposition 5 There exists a Hecke character associated to T)' taking values 
in and defined as above on ideals prime to W. 

Proof. We start by proving that the character defined above is a Hecke 
character on ideals prime to T>V. If A is principal, say A = (a), then 

il)v'{o) = ex>{oi)oi^^^^. Since h is odd, and e takes the values ±1, we get 

that ipT>'{<^) — £d'(q;)q;, hence it is a Hecke character. 

Let q be a prime ideal in the same equivalence class as V and prime to W 

(there exists such an ideal by the Tchcbotarcv density theorem), say qf3 — T>. 
Then ijj-DiiV) = ijjv{c\l3) = ijjv'ic{)'ijjv'il3) = ipTi'{c[)£v{P)P- In this way we can 
extend the character to all ideals prime to V and clearly this is well defined, 
taking values in T^. □ 

Prom now on given two different characters ipD and ip-p' we will always assume 
that they are chosen in a consistent way. 

Given a quadratic imaginary field Q[\/— rf] we denote the number of units 
in its ring of integers. For z E i), we recall the definition: 

oo 
n=l 

While choosing ideal class representatives {[^]} for K we will assume they 
are prime to the ideal (6) and that they are written as ^ = (a, ^^^ ) with 
6 = 3 mod 48. We define r]{A) := v C~^y^ )- O^r main theorem is the following: 



Theorem 6 Given T> a prime ideal of K of prime norm congruent to 3 mod- 
ulo 4 let i/jti be a Hecke character as before. Let B be the quaternion algebra 
over Q ramified at\N\ and infinity. For each ideal class representative [A\ of 
K there exists 0[^],[d] a maximal order in B such that: 



9; 



W\D\J\D\ I 
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where {/} is a set of left OiAi^m-ideal representatives, r{V, [A], I) G Z and 
'>TT'[A],i{['^]) 0,1^^ algebraic integers lying in a finite field extension of Q (see 
Diagram 1). 

The term Q, — — 7]('D)r](OK) on (3) corresponds to a period of the 

abehan variety 55 and the number r{T>, [A], I) is counting some special points 
with a ±1 weight (see Section 4.3 for details). The rest of this paper will be a 
constructive proof of Theorem 6. 



2.3 Computing the L-series value at 1 



Given A an ideal of 7^ , we will denote [A] its class in the class group. We can 
decompose the L-series as 

ms)-j:i:^ (4) 

[A] B^A ^^'^ 



Proposition 7 All integral ideals equivalent to A are of the form cA for some 
c e A-\ 

Proof, easy to check. □ 

Since the only units in Ok are 1 and —1, 

^ ^ 1 Hc)^iA) NA^ ^ 1 ^/jjA) ^ ij{c) 

ATK^ O 2-^ AT A\ AT^s r, AT A\ ^ 



.s 



^^^NB' 2^^ ^(iV^) Nc^ 2 ^l^{NA)^^Nc 

Since ^l) is multiphcative 'il){A)i>{A) = iIj{NA), then = -^j^- Using the 

fact that NA = NA it follows that |@ = EceA ^® 

write the L-series as: 

^ [A]eci{OK) ^^'^^ ceA 

Without loss of generality, wc may assume that A = aZ+ ^±^Z and V = 
\D\Z + !^^Z, hence AV = a|L)|Z+^±^Z (see [17] §2.3 page 552). If c G ^ 
then c = ma + n^±^, and e©(c) = ev{ma + n^±|^). Since n^±|^ G V, 
£v{c) = e'D{o)ex>{m) = eT:i{NA)eTi{m). We will denote Zj\^ the point 
(respectively z-p the point ^^|^ and z^w the point '^2a\D\ )• ^^^^ ^® denote 
by the sum removing the zero element (or zero vector depending on the 
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context). We have: 

[A]eciiOK) 



If we change m by —m in the sum, since 1) = —1, the term in the inner 
sum can be written as — -i-^ — tf''™) - — -^rF^nr^, where the point —zad is 
in the upper half plane. This sum is related to Eisenstein series that we define 
below: 



Definition 8 Letp he a prime integer ande{m) := . We define the Eisen- 
stein series associated to e by EAz, s) — Y"' ^^■j -, 

By (6) taking p — \D\ we get the relation: 



^(V^,s) = - ZiTT\ -Ei{-^Av,s-l) (7) 

^ [A]eci{OK) ^^'^> 

El {z, s) turns out to be a modular form of weight 1 with a character. We 
need to compute its value at s = for a point z in the upper half plane. This 
was done by Hecke and its value (given in formula (11)) can be found on [7] 
(formulas (26) and (27) p.475). For the reader convenience we re-derive the 
formula. 

The series of Ei{z,s) converges only for 3fJ(s) > |, but it can be analytically 
continued to the whole plane and satisfy a functional equation. We will com- 
pute its value at s = using Hecke's trick. Since £ is a character of conductor 
p, we break the sum over m as: 

mez ^ n=irmodp ^^-^ [zpn + r + mp)\zpn + r + mp\ 

(8) 

and dividing the last sum by p^s+i -^g gg^. 



Mz,s) = 2Lie,s) + 2t Y _ (9) 



For z in the upper half plane we define: 

1 



H{z,s)=Y. 



{z + m)\z + m 



2s 
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Lemma 9 Let z — x + iy be a point in the upper half plane, then: 

oo oo 

J2 {z + m)-^'+'\z + x)-' ^ Yl r„(y, s + 1, s)e2'^'"^ 

m=— oo n=—oo 

where T„(y, s + 1, s) is given by: 



T^n[y, S-\- L, S) (27r)^=+l ~ 1 



n2^e-2™V(47rn|/, s + 1, s) (n > 0) 
|n|2^e-2'^l"IV(47r|n|y, s, s + 1) (n< 0) 
r(2s)(47ry)~^' n = 

anc/ (7(y, a, /3) = J^{t + ly-HI^-^ e'^Ut 
Proof. This is Lemma 1 page 84 [14] □ 

The right side of lemma 9 equahty converges for any s > 0, so we can compute 
the hmit when s tends to of r„(y, s + 1, s) in the different cases: 

. Case n = 0: hm,_o S^^^(47ry)-'^ = -ztt 

• Case n< 0: hm.^o ir('+i)r(.) 1^1"'^"'''"'^ /o°° + l)'~'i"e-4'^l"l2'*di = 



Case n > 0: hm,_o ^^^(^e-^-i/j^ /- {t + iyt^-^e-'--y'dt. 
eed to compute 

by parts: 



We just need to compute hms_»o !o (t + lyt^ '^'""■^'^dt. Doing integration 



/ (t + lYf-^-^^'^y'dt = / fit + ly-^-^^r^y^dt- 

Jo s Jo 

-- C fit + l)"e-^""^*(-47rn?/t)dt 
s Jo 

The function T{z) has a simple pole at 2; = with residue 1. Dividing the 
integral by r(s) and taking the limit when s tends to zero we get: 

limT„(y, s + 1, s) = -27rie-2''"^ (10) 

s— >0 



We just prove: 

Lemma 10 lims_^o H{s, z) — —m — 2m Yj^=i (f' 
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Equation (9) can be written as 

n=l r mod p ^ " 

which by lemma 9 is the same as: 

n=l r mod p " fcSZ 

Let G{e) :— modpS('^)Cp be the Gauss sum associated to the quadratic 

character e. Let = e p . If we take the hmit as s tends to zero and use 
lemma (10) in the inner sum we get: 

E -^{-7ri-2mJ2q-%') = -—G{e)J2s{k)q-'' 

r mod p P k=l P k=l 

If p is congruent to 3 modulo 4 it is a well known result that G{s) = isjp^ 
then: 

47r °° / \ 
lim£;i(^,.) = 2L(£, 1) + — E E^(^) (11) 

Applying this to equation (7) (with p = \D\) we get the value of L (■?/', 1). 
We will write this number in terms of theta functions so as to relate the value 
for different ideals T>. Let B be any ideal of L. For z in the upper half plane, we 
define ©^(-z) = Sasb ^^'^^^-^ = 1 + Z]^i^b(^)Q'" where rsin) is the number 
of elements A G i3 of norm nNB. Clearly if two ideals of L are equivalent, 
their theta functions are the same. 



Lemma 11 Let t(;|D| he the number of roots of unity in L, and z a point in 
the upper half plane. Then "''°^^^ -gi(2:, 0) = T.[b]&ci{Ol) ®[bi(^) 

Proof. We need to check that the g-cxpansion on both sides is the same. The 
constant term on the right side is h. the class number of Q(v/U). On the left 
side we have -^(^'^Hpi^ which by the class number formula is h. Since the 
constant term is the same, we can apply the Mellin transform on both sides. 
Dividing by w\d\ we need to prove the equality: 

n=\ ^ [BleC/(e>i) n=l 

Given a number field L the zeta function associated to it is: 

1 



a(«) = E 
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where the sum is over aU integral ideals of L. It follows easily from the def- 
inition that Cl{s) = ^ T,[B]eci{OL) ^n=i "^^^ which is the right hand side of 
(12). 

It is a classical result that Cl{s) — Cis)L{e, s) (see for example [19] Theorem 
4.3, page 33), then Cl{s) = (E^=i ^) (E^=i ^) which is the left hand side 
of (12) □ 

Note that —zj^d — z^q, hence by equation (7) and lemma 11 we get: 

^V' I [-^leCKOif) [S]eCi(Oi) 

By equation (2) ijjv{A) = ilJv{A)e-5{A'')ev{A'') = ^v{A) {j^f ■ Since h is 
odd it follows that = ^4^. 

Theorem 12 The value at s = 1 of L^ipjs) is given by: 

T(i 27r ^ ^ Qg(^.4p) 



2.4 Theta functions in several variables 



The goal now is to write the identity of theorem 12 in terms of theta func- 
tions in two variables so as to relate the L-function values for different primes 
D. Given an element (i*, O) in C^xf)2 (the Siegel space of dimension 2), the 
generalized theta function is defined by 

9{z,VL) = ^ exp{TTin*fln + 27Tin\z) 

n&T? 

It satisfies a functional equation for the group (following Igusa notation), 

. A B 

which is defined to be: o; = e Sp2g{^) such that A^C and B^D have 



C D 



even diagonal. In particular: 



^(0, -{Qt)-^) = JdetiQ) (-Or^(0, Qt) (13) 



e{z, Q + B)= ^J{z, O) (14) 

where Q and B arc symmetric, integral and even diagonal two by two matrices, 
Q corresponds to a positive definite quadratic form, r is a point in the upper 
half plane and is a root of unity, (see [8], §5, page 189). 
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L is an imaginary quadratic field, so given an ideal B of CI{Ol) we can as- 
sociate to it a quadratic form of discriminant D via the group isomorphism 
between CI{Ol) and {equivalence classes of quadratic forms of discriminant 
D}. More specifically, given a quadratic form of discriminant say [a, 6, c] 
where 6^ — 4ac = we associate the ideal (a, ^^'f^ ); conversely given any 
primitive ideal (i.e. not divisible by any rational integer greater than 1) B, we 



can chose a pair of generators of the form B 



{a, 



), and associate to it 



the quadratic form [a, 6, c] where c — {b'^ — D)/{4a). We will denote Qb the 



matrix 




associated to the quadratic form [a, b, c]. 



Let B be a primitive ideal representing a class in CI{Ol), say B — (a, 
with a — N(B). If a G i3 then it can be written uniquely as a = ma+n (^-'-^) ■ 
Hence N{a) — a{am'^ + mnb + n^^f^) and 



(m,n)eZ2 



niz{m, n) 



2a b 
b 2c 




(15) 



Since z E I) and Qs is symmetric, zQjs G 1)2- Hence Qb{z) — 9{0,zQb)- So we 
can rewrite the main formula of theorem 12 as: 



L(^,l) 



27r 



E E 

-Dl [A]eciiOK) [B]eci{OL) 



0{0,ZavQb) 



(16) 



3 Normalization of the Theta function 



Given a point Zjix>: we define the normalizer: 
Then the main formula (16) can be written as: 

L(M = ^( T. T. ^^IxWxC^.) (17) 

"^Vl I \[A]eci{OK)[B]eci{OL) ^y^Av) J 

We are interested in studying the number: nj^ jg f, = 9(0, z_^-^Qb)/T{z^'£i). The 
normalizer T is chosen so as to make n_4 an algebraic integer as we will see 
later. 
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3.1 Complex Multiplication 



Let be the field of all modular functions of level M whose g-expansion at 
every cusp has coefficients in Q(^m) where is any primitive M-th root of 
unity. Let K[M) denote the ray class field of K mod M, and for a prime ideal 
p in K relatively prime to M (say of norm p), a{p) denotes the Frobenius 
automorphism of K[M)/ K corresponding to p. 

Following Stark's notation if A is an integral matrix of determinant relatively 
prime to M , we denote f o A the action of A on / which is characterized by 
the two properties: 



. ifoA)iz)^fiAz) ifAeShiZ) 

( 

. {! o A){z) ^ al!){z) HA^ 



where e Gal(Q(^M)/Q) is defined 



1 

by c^ICm) = Cm- We extend this action to / by acting on the coefficients of 
the q-expansion at infinity. 



Theorem 13 let f{z) be in J-'m and suppose that (p) = pp in K where p is a 
rational prime such that [p, NM) = 1. Suppose that A = [fi, v\ is a fractional 
ideal of K with ^ = [i/v in\) and let b{^^ be a basis for p A. Then f{p) is in 
K{M) and fi-d)"^^^ = [/ o {pB-^)]{B^). 

If in addition f is analytic in the interior of {) and has algebraic integer coef- 
ficients in its q-expansion at every cusp, then /('??) is an algebraic integer. 

Proof. This is Theorem 3 of [15] page 213. □ 

Proposition 14 Following the previous notation, -^^QB)/'>^{'\^)'>^{^) 
For the proof we need the elementary result: 

Lemma 15 if f{z) is a modular form of weight k and level N and D is a 
positive integer then /(;§) is a modular form of weight k and level at most 
ND. 

Proof of proposition 14. Let B be the ideal B := Za + Z^±^. Then 
the quadratic form associated to B is [a, 6, c] with P — Aac — D and the 

(2a b\ 

matrix of the bilinear form is . The theta series 9b is the theta 

\b 2c) 

series associated to this quadratic form hence it has level l^*!, weight 1 and 
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a character e(d) — (^^^ (see [9] Theorem 20, page VI-25). Using the previous 
lemma, we have that ^s(^j%|) is a modular form of weight 1 and level aD^. 

The eta function is a modular form of weight 1/2 and level 24 , then ^7( j^) has 
weight 1/2 and level 24|D| , so the product of the two eta functions has weight 
1 and level 24|D|. Hence the quotient has weight and level at most 24aD^. 
We do not need a sharp estimate of the g-expansion, hence the minimum level 
is not important. 

From the g-expansion of the functions 613, and rj it is clear that the g-expansion 
at infinity of 0{0, -^^QB)/r]{-^^)r]{z) is in Q{^24aD2), hence we just need to 
check this condition at the other cusps. For that purpose we will study the 
g-expansion of each form separately. 

Since the theta function 9b is a modular form for Fodi^l), there are just two 
inequivalent cusps which may be taken to be and 00. One transformation 

/ 



that send infinity to zero is given by the matrix S — 
-1/z. 

The functional equation (13) reads: 
e (0,Qb\-1/z)) = det{QBy/\-i)ze{0,QBz) = 



1 
-1 



sending z to 



[-t)ze{0,QBz) (18) 



Since Qb^ = Adj {Qb)/\D\, replacing z by z/\D\ we get 

^(o,Adj(gB)(-i/^)) = {-t)z/^\e{6,QBz/\D\) 



(19) 



Replacing by its adjoint matrix, we see that the g-expansion at includes a 
4-th root of unity and the square root of |D| (the z factor actually cancels out 
a factor coming from the eta function). Since y/D G Q{^d), the g-cxpansion of 
^(0, Qb) has coefficients in Q(^8d) at all cusps. Replacing z by z/a\D\ we add 
at most {aD'^)-th roots of unity to the g-expansions, hence the g-expansion of 
^(0, ^i^jQe) has coefficients in Q(^24od2) at all cusps. 

We will use the following explicit version of the transformation formula for 77, 
which can be found in [17] page 560: 



a (3 

Lemma 16 Let \ \ G Sl2{'^) with 7 even, 5 positive (and odd), and 
7 5 
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T ei). Then 



^(^) = (])e24(«:)V^^(-) (20) 

where k — 3(5 — 1) + 5{I3 — 7) — {5"^ — 1)70;. 

For any matrix in ro(2), the modular form r] changes by a 24-th root of unity, 
hence its g-expansion at the equivalent cusps modulo ro(2) have coefficients in 
0(^24) and the ^-expansion of j^) has coefficients in Q(^24a£>2). But modulo 

ro(2) there are just two inequivalent cusps which may be taken to be zero 
and infinity also. The eta function satisfies the functional equation ri{—l/z) = 

z/irj[z). Hence its g-expansion at zero has coefficients in and ^(j^) 

certainly has a g-expansion with coefficients in Q(^24aD2) at zero. □ 



3.2 Field of definition 



Theorem 17 The number 9{0, Zji^f)QB) / ri{zf))rj{0 k) is an algebraic integer in 
H, the Hilbert class field of K. 

Proof. The eta function does not vanish in the upper half plane so we can 
apply Theorem 13 and d{0, -^j^^Qts)/r]{-^^)r]{zo) is an algebraic integer in F 

(some field extension of K containing H) where zq = corresponds to the 

ideal Ok- 

Let g{z) 0(0, -^^Qb) /'r]{j^)v{^)- Given an element a of Gal(F/i^) by 
complex multiplication theory there exists a prime ideal p in such that 
a = (Tp, where ap is the element in Gal(F/i^) corresponding to p via the 
Artin-Probenius map. We want to prove that the quotient is in H hence we 
take p to be principal and using the Tchebotarev density theorem we may 
assume that pp is prime to A ,f> and the ideal (6). 

Since p, A and V are prime to each other, it easily seen that b can be cho- 
sen such that p = A = (^^,a) ,P = C-±^,\D\) and Ok = 
(^k±M^ 1). Let zo denote the point ^±^. Then pAV = (^^±^,pa|L>|), and on 

these basis the matrix B of theorem 13 is given by . Now Bzq — ^ 

\0p) 

( po\ 

= S-^BS. By theorem 13, 5(^0)"^''^ = [g o {pB-^)]{Bzo) 

[01) 



p 



and pB ^ 
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Let g*iz) ^goS{z) = gi-l/z) = ^(0, -l/(a\D\z)QB)/v{j^-M^)- (19) 
we replace z by za\D\ and Qb by Adj (Qb), we get the equation: 

9{6,QB{-l/a\D\z)) = {-i)J\D\az9{Q,Adi{QB)az) (21) 



The eta function satisfies the functional equation rj{—l/z) — yz/irj{z). Re- 
placing z hy \D\z and multiplying both equations: 

rj{-l/z)rj{-l/{\D\z)) = ^/\D\-rj{z)rj{\D\z) 

Hence we get: 

e{6,Adi{QB)az) 
gi-1/z) ^ a , . ni^i \ — 

The g-expansion of this quotient has rational coefficients hence it is fixed by 
the action of Up, i.e. g^oup — g*. Then [go^pB"^)] — g and {g{zo))"''' — g{zo/p). 

Proposition 18 With the notation as above, ifp is principal, g{zoy'' = g{zQ). 

Proof. The proposition reduces to proving that g{zo/p) = g{zo) ifp is principal 
of norm p which follows from the next two lemmas. This completes the proof 
of theorem 17 since it implies that g{zQy'' = g{zQ) for all principal ideals p. □ 

Lemma 19 Let p — (fj) be a principal ideal prime to A and V of norm p . 
Then the theta function Qb satisfies the formula: 

Note 1 Since ef,{ij)ef,{ji) — (j^); the formula may be written as ©s(|^^) 



Proof. Og is a modular form of weight 1 for Fod-Dl) with a quadratic charac- 
ter. We chose h such that pAV = (^^,pa|D|) = /xapl). Hence 



there exists a change of basis matrix M 



'a (3 
^7 ^ 



in Sl2{1j) such that 



/ b+^/N \ I .,b±VN 
2 

Ha\D\ 




li Ij, — rn+nVN ^ gggy computation shows that 5 — "^^p^ ^ — n\D\a. In 
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particular M is in ro(|D|) and by modularity of ©b we have: 
And the formula: 

where x{d) = (^^^ for any prime q which is sufficiently large and satisfies 
q = d mod \D\. ([9] Theorem 20, Chapter VI, page 25). Let g be a prime 
congruent to 1 modulo 4 and congruent to 6 modulo l^l. Then = (^^j = 

if) = iwi) = (¥) = (W) iwi)- Then the proof follows from the 
definition of e-^ and the fact that ^ — {p,)~^ . D 

Lemma 20 With the same assumptions as above, the eta function satisfies 
the equation vi'-^H'-^) = fieM (*) vC-^H'-^). 



In term of ideals: 



VmviP) = ^ r,{VHOK) (23) 



Proof. Since we choose |iV| = 3 mod 4, and \N\ ^ 3, the number of units in 
H is 2 (see [6] tables 3 and 4 of page 507). Given a principal ideal (u) with 
u e Ok, prime to (6) define: 

i^W = X4{Nk/q{u)}-- 



Where ^4(0) = (-^)- Since the number of units in if is 2, k is a quadratic 
character (see [6], Lemma 14). We can write the left hand side of (23) as: 

If is a generator of p, ^(p]^^ — '«(a*)a*X4(p)- By proposition 10 of [6] 

(jm_y^ ^ (j>_\ nm Then we get- 
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By lemma 12 of [6], k(— 1) = —1. Since the right term of (23) remains un- 
changed replacing fi by —fi, without loss of generality we can choose ^ such 
that = X4(p). Replacing each term on the right hand side of (24) and 
using Proposition 2 we get: 



p 

\D\ 



And the result follows since £x'(a*) = ^vilA- ^ 

Theorem 21 The number n^ Q f) is in the field M.^ = HT^. It corresponds 
to the fields diagram: 



H 



2 



J- 



Diagram 1 

Proof. By theorem 17 the number 9{^^ Zj\x>Qb) hi^vjvi'^K) is in H and 
contains the image of -0^^ hence rij^ Q f, is in M.^. □ 

Proposition 22 The quotient OQ^{zj^f,) /■ipf,{A) depends only on the class of 
B and the class of A. 



Proof. Independence of B is clear since depends only in the class of B. 

To prove independence of A, let a e Ok be an element with prime norm q 
such that q f 6a|£)|. By definition QsizaAv) — ®s(|^^^)- Then by lemma 19: 

We will denote by n[A],[B],'D the number n^ ^ ^p. 

Proposition 23 The number n[_4] [gj^^g is an algebraic integer. 

Proof. In theorem 17 we proved that dQgizyxv)/ {v{^t>)vi^OK)) is an algebraic 
integer and the number ipfi{A) has norm A^^. Since the quotient depends 
on the class of the ideal A but not A itself, using the Tchebotarev density 
theorem we can choose two prime ideals pi and p2 in the same class of A of 
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prime norms pi and p2- Looking at pi we see that the minimal polynomial 
of ^[p^] [g] j5 has rational coefficients with only 1 or pi in the denominator. 
Considering p2 we see that the minimal polynomial of n[p2],[B],'D oiity has 1 or 
P2 in the denominator. Since ^[p^] [gj^ = ^[p^] [gj its minimal polynomial must 
have integer coefficients. □ 

Proposition 24 = 

Proof. It is easy to check that the theta function associated to B is the 
same as the theta function ©AdjB associated to the adjoint matrix of B. Note 
that [B~^] — [B]. Clearly the point z^-^ and the number ip-5{A) are independent 
oiB. □ 



Lemma 25 The character t/j^ satisfy: V'x>(«4.) = '0^(>^) 



Proof. tljT){A)^lJv{A) = NA, and NA = tlJviA)^lJviA)eviNA) hence ^pviA) = 
(t^) V'©!^)- We chose the characters so that ipx>{A) = ^d(.4)£^ 
= xpviA) (^7^) (see (2)). Since |A^| is prime, h is odd. □ 

Proposition 26 n^^^;^ = 



Proof. It is clear from their definition that ©^(-z^c) = ^b{~Zav) ^^'i vi^Av) 
— 'n{~^AD) ■ Since — z^jj ^-^d i/jviA) — i/j'^{A), the result follows. □. 

Proposition 27 If the ideal V is principal in Ok, n[A],[B],'D = ^[A],[b],'d 

Proof. The proof of this proposition involves the same kind of techniques used 
on the previous ones (a little more tedious) so we omit the proof. □ 

In particular this implies that if A and V are both principal then the number 
^[.4],[S],c lives in a subfield of M.^ which we denote M.^ (following [1] notation, 

see page 13) and corresponds to the previous field diagram (see theorem 21 
Diagram 3.3). We will be needing the next lemmas for the theorem relating 
the numbers n^A],[B],-D ioi different ideals V. 

Lemma 28 Let V and V he two prime ideals ofQ{y/N) with norm \D\ and 
\D'\ respectively, and let fj, E Q{^/N) be such that ^iD — V. Then ^2*'('j^p) = 
jlK{iJ,)x4{NiJ,). 

Proof. Note that although k, is defined on integer elements, since it is a 
character on (Oii-/120x)^ , we can extend it multiplicatively to all elements 
in Q(^/N) with both numerator and denominator prime to 12. By definition 
«(/.) = lx4(7V/x)^ then we are led to prove that = 1- 

By Proposition 10 of [6] we can write the left hand side as (jjj^^^ '^'^ ^' ■ 
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Since ^2(0^) is in H (by theorem 20 of [6]) then cr^ represents the classical 
Artin-Frobenius map from CI{Ok) to Gsl{H/K), and since T>'T>~^ is principal, 
a-^/f,-i is the identity. □ 



Lemma 29 Let V and V be two prime ideals o/Q(viV) such that D ~ D'. 
Then ^,1^^^ ^ e^{A')e^>{A'^) 

Proof. By proposition 10 of [6] we have: 



viAV'HV) ^ ( v{A) Y^' ( v{A) 
viV'UAV) \v(Ok)) WOk)) \\D\J \\D 



^ ^' ^ ^ (25) 



Since the Artin-Probenius map is a homomorphism: 



But (^^^)) ^' — il (see the proof of lemma 28), then a-^ acts trivially 

on it. Let /i e Q{y/N) be such that f>'f>~^ is the principal ideal generated by 
1^ then by theorem 19 of [6]: 



— K 



\v{Ok)J \\D\J \ a J 

Since \D\is prime to 12, and k is a multiplicative quadratic character, k{j^) — 
k{ii)k{\D\). The character k, defined on (Ok/^'^Ok)^ factors as a product of 
two characters, from ((9x/30x)^ to the group of third roots of unity and 
K4 from {Ok/4:Ok)^ to the group of fourth roots of unity (see lemma 14 of 
[6]). In our case K3 = 1 and the character is completely determined from 
the congruence modulo 4. Then k(|-D|) = '«(— 1) — —1- Using the quadratic 
reciprocity law. 



\viOK)J \AJ \\D 

Also since K{iJ,)K{jl) = k{\D\\D'\) = 1, «;(/x) = and we can write (25) as: 
ri{AV')ri{V) ,.^^ffi 



2 



r}{AV)r}{V') \AJ \\D'\) 

Since VV is the principal ideal generated by // and £ is a multiplicative 
quadratic character, 

e^{A^)e^\A^) = eT,{A^)e^{A^)e^T,,{A^) = (27) 



19 



Using the reciprocity law in Q{y/N) (see for example theorem 21 of [6]): 



'^^ = = (^) «(,)^ = (£) (M^) (28) 



And the lemma follows from (^^) = (^) (^). □ 



Lemma 30 Lei A : M^"^ x M^" R be the skew-symmetric form given by the 
, In . 

matrix A :— \ \ . Then the following data on M are equivalent: 

-In 

(1) a complex structure U : M^" M^" (i.e. a linear map with U"^ = —In) 
such that there exists a positive definite Hermitian form H for this com- 
plex structure with imaginary part A. 

(2) an n-dimensional complex subspace of 'C?'^ such that if we note Ac the 
complex linear extension of A, we have: 

• Ac{x, y) = for all x, y in the subspace. 

• iA(c{x,x) < for all nonzero x in the subspace. 

(3) a complex matrix fl in t)„ 

This are three of the four equivalent conditions proved on Lemma 4.1 of [8]. 
The equivalence associates to Q e the image of the map X i— > {X, —QX) 
as an n-dimensional subspace of C^". 

Theorem 31 Let z^^Qb o,f^d z^^xi'Qb' be two points in [)2 such that they are 
equivalent modulo T12 md V ^ V in Q{\/N). Then n[A],lB],D = ^f^[A],[B'],D' 

Proof. For simplicity we will denote Qx> z^vQb and ftj)' '■— z^avQb'- 



^ AB 



in Spiilj) 



Since Q-v is equivalent to there exists a matrix 7 = 

D 

such that 7 i< {^v) = ^v- By the previous lemma, giving a point VLx> in 
the Siegel space is equivalent to giving the subspace of —^vY where 

the action of Sp4{Z) is given by multiplication on the left by (7*)"^- Then 

7* (^) = il^^ (i) = i^Xm) = (^) + D) 

By the coherent way we chose characters, = ev{A^)£v'{A^)- Hence: 

n[Aim,D' e{n^,) rj{v) "^^"^ ^"^'^"^ ^ e{n^.) rj{Av) 
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The last equality follows from lemma 29. We claim that: 



(29) 



The first equality follows at once from the functional equation of the theta 
function. Since \D\ is prime and Det((5) = \D\ there exists matrices U,V & 

\ 

(respectively U' and V for Q'). Then: 



ShiZ) such that UQV 



1 

\D\ 















:■) 






H 


K 






-Qx> ) 





Similarly: 



1 
1 

V -^A ) 



V'-i \ 




h 










V ^7 


v 







h 

-U'Q'V'z^v' 



1 
1 

-zav 

V -^A J 



We split in two cases: 



a V ^ V we take basis V = {\D\,^±^) and A = (a, ^±^). Let r 
be such that r\D\ = 6 mod a then V = {\D% i'^r\D\-b)+VN ^ ^ 



,/| (2r|D|-fe)+v^ 



). Let /X e X be such that i^V = P', then AV 



(a\D'\, (JlM^}±2^) ^ (^a|L>|, At(^)) = i^AV hence there exists a matrix 



in 5/2 (Z) such that: M 



( {2r\D\-b)+VN \ 



V 



^a\D\ 



• iiV ^ V, we may choose basis V = {\D\, ^±|^), V = and 



V 



2 



yi &+\/jV\ 



A 



b+VN 
I, 2 



). If /X is such that iiD ^ V , then ^X>' = (alD' 



(//a|D|, //(^±^)) = jiAV hence there exists a matrix M — 
SkiZ) such that: M 



i/| b±VN_\ _ 
' 2 / 



m 







( b+VN\ 


I fjLa\D\ 




\ a\D'\ 1 
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In both cases, let N 



( 5 0-70^ 
10 
a 
1 



then it is clear that: 



N 



\ 



1 
1 

-zav 
-Zj^ J 

Combining these results we get that: 



V 



\D'\ 





V 



1 






^ 
1 


-za ) 



V 

u'-^ 



\ 



N 



v-^ 
u 




and 





-'2 



-a 



V 



l/^l|g| 

\D'\ ■ 



By lemma 28, = = Now Det(CQz5+L')-i and 



have the same absolute value and both lie in 
Then 

Taking square roots: 



Since both lattices have the same volume then | Det(CQx> + ^ 

N) hence they differ by ±1. 
= Det(CQ^, + D)-^j2K{fi) = ±1 



By theorem 21 we know that ^(x))^(c)^) 
the theorem follows. □ 



It is not clear how to determine the sign a priori, and we are not able to give 
any answer in this direction. 



4 Equivalence of special points 



The problem of determining whether two points in 1)2 are equivalent or not 
is complicated in general. For our case we will get this equivalence via ideals 
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in quaternion algebras. A good reference for the basic definitions and some 
elementary facts about quaternion algebras is Pizer's paper ([11]). 

Let S be a quaternion algebra over Q. A lattice £ is a rank 4 Z-module. An 
order O is a lattice that is a ring with unity. Given an order O a left O-ideal 

is a lattice £ such that £p := £ ®z = OpUp where ctp is an clement in 
. Given a lattice £ we define its left order Oi{2.) := {x G B\x2. C £} 
(respectively the right order). We define N(£) as the positive generator of the 
Z-module (N(a;) | a; G £) 

Proposition 32 Let B he a quaternion algebra over Q ramified at pi, . . . ,Pn 
and £ be an ideal in B. Then 0/(£) is a maximal order if and only if disc(£)— 
(pi...p„)2N(£)4 

Proof. By definition disc(£) is the determinant of the bilinear form associated 
to £ on any basis. Since £ is locally principal at all primes, given a finite prime 
q, £g = 0;(£)qQ;g. Clearly disc(£q) = N{aq)^ disc(Og); then the statement 
follows from the fact that this proposition is true replacing £ by an order O 
and N(£) by 1 (see [11] Proposition 1.1, page 344), and the fact that the norm 
of £ is the product over all primes q of q^i^^'^i^ where Vq{n) is the g-valuation. 
□ 

We restrict ourselves to the case B a quaternion algebra over Q ramified at 
the prime \N\ and infinity. 

Lemma 33 Let O be a maximal order, {/i, . . . , Ih} a set of left 0-ideal rep- 
resentatives, and {Ri, . . . , Rh\ he the right orders of {/i, . . . , Ih\ respectively. 
Then for a given i — 1, . . . , h the maximal order Ri appears twice on the list 
if and only if there is no embedding o/Z[-\/]V] into Ri. 

Proof. Although this is a well known statement we give a proof since we will 
use it latter. An embedding of Z[-\/]V] into Ri is determined by the image 
of \/N. Hence giving such an embedding is equivalent to giving an element 
/? G i?i of trace zero and norm |A^|. Let V be the bilateral 0-idcal of norm |A^| 
. For a given left 0-ideal Ij, the ideal Vlj is another left 0-idcal. Note that if 
Vj is the bilateral Rj ideal of norm |A^|, then IJ^VIj = Vj by the uniqueness 
of such a bilateral ideal. Then the ideals Ij and Vlj are equivalent if and only 
if there exists (3 G R^ such that IjjS = Vlj. Multiplying on the left by Ij^ 
we see that Rj(3 = IJ^VIj = Vj hence Vj is principal, and the element P has 
norm |A^|. Since |A^| is a ramified prime i.e. i?|jv| is a division ring, it is easy 
to see that if N(a) = \N\ then Tr(a) = 0. 

To see that this is the only way in which a maximal order R appears twice 
on the list of right orders, suppose that / and J are two noncquivalent left 
0-ideals with same right order R. Then I~^J is a non-principal bilateral ideal 
for R. Let Vr be the ideal of norm |A^| in i?, then Vr is non-principal and J 
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is equivalent to VI. □ 



4-1 Siegel Space and applications 



Definition 34 Let 2, be aX lattice of rank 2n and V the vector space 
We call a triple (P, J, U) a Siegel point if: 

• P is a real 2n x 2n symmetric matrix such that the associated quadratic 
form P{x,y) is positive definite (that will correspond to the real part of H 
)■ 

• J is a real 2n x 2n non-degenerate skew symmetric matrix with associated 
form J{x,y) (that will correspond to the imaginary part of H). 

• U e R2"x2n is such that C/^ = -hg- (complex structure) 

with the relation: 

-JU ^U'J = P (30) 



Via the matrix U we can put a complex structure on the vector space V . 
Let H be the bilinear form H{x,y) :— P{x,y) +iJ{x,y). The condition (30) 
implies that H{ix, y) = iH{x, y). Since J is skew symmetric and P symmetric, 
it follows that H{x,y) = H{y,x). Then H defined in this way is a positive 
definite Hermitian form. Each choice of a reduced basis for J will give a point 
in the Siegel space (by Lemma 30) and different bases give equivalent points. 

Given two lattices £ and a morphism 7 : £ — H' is an Z-linear map from £, 
to Given 7 : £' ^ £ an isomorphism of lattices, we define an action of 7 on 
a Siegel point {P,J,U) as (7*P, 7* J, 7*f/) where given x,y E 7*P(a;, 7/) — 
P{'f{x),'y{y)), l*J{x,y) = J(7(a;),7(|/)) and = -f-\U{-f{x))). 

If we choose Vq to be a skew symmetric reduced base for J, i.e. a base where J 

( In\ 

is of the form , and 7 is an automorphism sending a skew symmetric 

\-In J 

reduced basis to another one, then 7 e Sp^nC^) and the action of 7 on the 
Siegel point Q associated to Vq is the usual action of Sp2n{^) on f)„. 



4-2 Siegel Points from Quaternion algebras 



Let be the negative of a prime congruent to 3 modulo 4, and B = (—1, A^) 
the quaternion algebra ramified at N and infinity. Let O be a maximal order in 
B such that there exists an embedding (not necessarily optimal) of Z + Z\/N 
into O. Let u E O he the image of y/N, i.e. — N and Ti{u) = 0. By 7 we 
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will denote a left 0-ideal for a maximal order O. To / we associate a Siegel 
point {P, J,U)i as follows: 

• We take V the real vector space V :— B (g)Q R. 

• Define U acting on V as left multiplication by 

• We think of / as a full rank lattice in V. 

• For x,y el define P{x, y) := Tr(xy)/ N(7). 

• For x,y e I define J{x,y) :— Tr{u^^xy)/ 

Proposition 35 The triple (P, J, U)i defined as above is a Siegel point. 
Proof. We start checking the properties of the matrices P, J and U : 

• P is a real form. Since Tr(a;^) is real, Tr(,x?/) = TY{yx) which implies that 
P{x,y) is symmetric. Clearly P{x,x) = — N(,t)/ N(J) is positive definite. 

• J is a real form. Since u is pure imaginary, u^^ is also. Then J{x,x) = 
Tr(M~^ N(a;))/ N(/) = 0. It is also clear that J{x,y) is non- degenerate, since 
for any non-zero x & V, J{x, u~^x) ^ 0. Since J{x, x) — for all x it follows 
that J{x,y) — —J{y,x). 



Let xeV, then U'^{x) = U{-^x) ^ ^ -x. 



As for the relation, it is easy to check that J(-^=x,y) — P(x,y) and that 
J{x, ^^) = -P(x,y). □ 



Definition 36 Given a lattice H in B we define its dual by := {6 e P : 
Tr(6£) C Z}. Given an order R we define its different by :— NR^ . 

Proposition 37 IfO is a maximal order, O'^ is a bilateral ideal for O of index 
N^, and j^O G O' G O. 

Proof. See [16] Lemma 4.7, page 24. 

Proposition 38 If x,y e I then J{x, y) e Z. Also the matrix of J on the 
basis given by I has determinant 1. 

Proof. Since wc arc considering the reduced norm, if V is the matrix associ- 



ated to multiplication (on the left or on the right) by f , then N(i;) = ydet(V). 
Let W{x,y) := Tr(a;^) be the bihnear form of P. If we denote W the ma- 
trix of W{x,y) on the basis given by 7, J = ^^(U^^yW . Then det(J) = 
N(7)~^ N(m)~^ det(l^). By definition dct(14^) = disc{I), which is an ideal for 
a maximal order, then by Proposition 32 disc{I) — N'^'H{lY and det(J) = 1. 

Since the trace is linear, J{x,y) = Tt{u~^x^^j^). For ideals I with maximal 
left order it is true that — I / N(J) and 11"^ — O, hence J{x, y) & 1^ for 
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all y e / if and only if Ty{u ^v) G Z for all v ^ O. By proposition 37 this 
is the same as u^^ e O*. But — —j^, and since u & O it follows that 
- e —O r O* D 

This gives a method for assigning to every left O-ideal a Siegel point. Note 
that choosing different skew symmetric reduced basis of / will give equivalent 
Siegel points. From now on we fixed a maximal order O with an embedding 
of Z[V^]. 

Proposition 39 Let u E O with N{u) — \N\ and Tr{u) — 0, and denote by 
U the complex multiplication associated to u. If I, I' are two equivalent left 
0-ideals, then the Siegel points (P, J, U)i and {P, J, U)ii are equivalent. 

Proof. Since I I' there exists a e such that / = I' a. Let W denote the 
isomorphism of B given by W{v) = va. We claim that W is the isomorphism 
that makes the two Siegel points equivalent. 

Since W{I') = I, we need to check that W*P = P', W*J = J' and W*U = U. 

• U x,y e r by definition {W*P)(x,y) := P(W(x),W(y)) = P(xa,ya) = 

• The equality W*J = J' follows from a similar argument. 

• By definition U is given by multiplying on the left by m/ ^J\N\ while W is 
given by multiplying on the right by a then clearly this maps commute with 
each other and W*U := W'^ oUoW^U.D 



Lemma 40 Let U be the complex multiplication given by u and a G B an 
element such that aOa"^ — O. Define I' — ala'^ and u' — aua"^, then 
{P,J,U)jr.{P',J',U')j,. 

Proof. Let W : B ^ B he the isomorphism defined by W{x) = axa^^. By 
hypothesis W{R) = R, W{I) = I'. It is easy to see that W*P = P' and W*J = 
J'. lix e Pthen W-^oUoW{x) = W-^oU{axa-'^) = W-\uaxa-^)/ ^/\N\ = 

a-^uax/^/\N\ = U'{x). □ 

This lemma suggests that we should consider not just elements w in O cor- 
responding to (i.e. = N and Tr(-u) = 0) but modulo conjugation by 
the normalizer of O. It is clear that Norm{0) = {h E B \ Oh is bilateral}. 
All bilateral ideals are principal, generated by u^m where s = 0, 1 and m is 
a rational number (see [3] proposition 1, page 92). The generator of an ideal 
is well defined up to units in O, then Norm{0) — {(^u^m | s = or 1 , m e 
Q and ^ e O is a unit} 

Corollary 41 /// and I' are left O-ideals with the same right order then the 
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Siegel points {P, J, U)i and {P, J, U)i' are equivalent. 



Proof. If / and /' are equivalent this follows from proposition 39. If / and 
/' are not equivalent, we know by lemma 33 that Or {I) has no embedding of 
Z[-\/]V]. Let u be the element in O giving the complex multiplication. Then 

ul has the same left and right order as / but they are not equivalent, hence 
ul r ulu^^. By proposition 40 the Siegel points (P, J, U)i and (P, J, U')ui 
are equivalent. Just note that U' is given by u~^uu = m. □ 

In particular we should index the Siegel points not by the class number of 
ideals, but by the type number of maximal orders. We still have equivalent 
Siegel points coming from conjugation by units of O and this are all the 
possibilities for Norm{0). For counting equivalent classes of Siegel points, 
fixed a maximal order O we have to count the number of embeddings of 
Z[-\/]V] into O modulo conjugation by units of O. 

Given a maximal ideal O, let B := {/i, . . . , 1^} be a set of left 0-ideal rep- 
resentatives and T := {Pi, . . . , P^} the distinct right orders of the ideals in 
B. We index the Siegel points by pairs (0, Pj) where is an embedding from 
Uy^fN] to some Rj and Pj is an order in T. By this we mean the Siegel point 
obtained with the complex multiplication given by (f){y/N), and an ideal / 
with left order Rj and right order Pj. 

If (i is a negative discriminant we denote by h{d) the class number of binary 
quadratic forms of discriminant d. Let u{d) = 1 unless d = —3, —4 when 
u{d) =3,2 respectively (half the number of units in the ring of integers of 
discriminant d). For c) > we define the Hurwitz's class number by 

if c) is a discriminant and by zero if not. A short table of the non-zero values 
is given by: 



D 


m 


D 


m 


3 


1/3 


11 


1 


4 


1/2 


12 


4/3 


7 


1 


15 


2 


8 


1 


16 


3/2 



If —d is a discriminant we denote the order of discriminant c) in the 
imaginary quadratic field Q[\/— 9]. For p e Z prime we define Pp(c)) to be the 
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modified invariant as follows: 



if —0 is not a discriminant 
if p splits in 0-x> 
if p is inert in 0_a 
IH{V) if p is ramified in O-^, but does not divide 
the conductor of C_3 
HpiD/p"^) if p divides the conductor of 



(32) 



The number of embeddings of O-x, into any Ri {i — 1, . . . ,n) modulo con- 
jugation by i?f/{±l} is if|jv|(5) (see [5] the proof of Proposition 1.9, page 
122). 



We want to compute the number of embeddings of Z[viV] into any Ri, i.e. 
choose X> — 4|A^|, then : 



Ihim) if = 1 mod 4 
h(N) ifA^ = 7mod8 
2h{N) UN = 3 mod 8 and > 11 



(33) 



Note that in the case d = 4|A^| an order Ri on T appears twice as a right order 
if and only if it has no embedding of Om- In this case it does not contribute 
to the sum, and hence the number of embeddings of Z[\/N] into the t orders 
in T is also Hj^(4:N). With this we proved: 

Proposition 42 The number of non- equivalent Siegel points constructed is at 
most HN{4:N)t. 

Proposition 43 Let B be a quaternion algebra over a commutative field K , 

and let Bq := {j3 E B \ Tr(/5) = 0}. If ip : Bq ^ Bq is an isometry of K- 
vector spaces then there exists an element (3 E B* such that a{x) = (3x(3~^ or 
a{x) = -pxp-^ = pxp-\ 

Proof. See [16] Theorem 3.3, page 12 □ 

Lemma 44 Let ip : B ^ B be an isomorphism of Q-vector spaces (respec- 
tively a : Bq ^ Bq an isomorphism of Qg-vector spaces) such that a{l) — 1 
and a is an isometry. Then there exists an a & B* (respectively a & B*) such 
that a{x) — axa~^ or (t{x) — axa^^ . 

Proof. Since a{l) = 1 and cr is a morphism, (t(Q) = Q. Denoting Bq the trace 
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zero elements, a{Bo) = Bq and a\Bo : Bq ^ Bq is an isometry. By proposition 
43 we get two different cases: 

(1) (Jbo{x) ~ CKxa~^ for some a e B*. Then a is the antiautomorphism given 
by a{x) — axa~^. 

(2) o"B(,(,x) = axa~^ for some a e B*. Then a is an automorphism given by 
a{x) = axa~^. □ 

Theorem 45 T/ie Hf^{AN)t Siegel points {(0, it!j)} constructed above are 
non-equivalent. 

Proof. The proof breaks in two steps. First we will prove that for a fixed 
embedding of Z[\/N] into R (say u is the image of y/N), the t left it!-ideals give 
non-equivalent points {P, J, U) where U is multiplication by ^J\N\. Then we 
will prove that different embeddings give non-equivalent Siegel points. 

Let Ji, I2 two left i?-ideals. Abusing notation we will denote Pi the symmetric 
form Pj. and analogously for Jj. Suppose there exists 1^ : F — > F an iso- 
morphism making the Siegel points (Pi, Ji, U) and (P2, Jii U) equivalent. Let 
(3 = W{1), a the map a{v) = W{v)l3~^ and Vq the space of elements in V 
with trace zero. We claim that a is an isometry. 
By hypothesis W*Pi = P2 then evaluating at (1, 1) we have 

(iy*Pi)(i,i) = P2(i,i) 



N(/2 



By definition, (W^*Pi)(l,l) = ^miMIlli = 2™ hence N(/?) = 

Then \\x\\/^fN = P2{x,x)N{h)/2 = W*{P,{x,x))N{h)/2 = ™^N(J2) = 

= 11(7(3;) II /\/iV, i-c. a is an isometry. Since a is an isometry and 
cr(l) = 1, by lemma 44 we have two different cases: 

(1) a{x) = axa~^ for some a e B^, i.e. a is an antiautomorphism and 

W{x) = axa-^p-\ 

(2) a{x) = axa~^ for some a e B^ and PF(a;) = axa~^P~^. 

We know that W preserves the complex multiplication, i.e. W"^ oUo W{x) — 
U{x). 

In the first case, W~^{x) = a~^f3xa. Then W*U{x) = W^^{uaxa~^P~^) = 
a~^/3/3~^a~^xaua = xa~^ua. It must be the case that ux = xa~^ua for all 
X & B (which is the same as saying that uxa~^ — xa~^u) which would imply 
that It e Q and is not the case. Then we must be in the second case. 

Since W{Ii) = I2, h = aIia~^P~^- In particular aRa^^ = R, i.e. a e 
Norm{R). Then Ji and I2 have the same right order and represent the same 
class between the t left P-ideals we started with. 
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Assume that there is a left i?-ideal / and a left i?'-ideal /' such that R and 
R' are non-conjugate maximal orders and the Siegel points (P, J, U)j and 
(P', J', U')ii are equivalent. Then there exist an isomorphism W : V ^ V 
that sends one point to the other. Arguing as before we get the same two 
possible cases for W. In the first case, since W*U — U' we would get that 
u'xa~^ — xa~^u for all x & V. Taking x = a we would get that u' = u and it 
commutes with all elements of V, then it is rational which is not the case. 
Then W{x) = axa~^j3~^ and /' = ala~^(3. In particular the orders R and R' 
are conjugate which is a contradiction. □ 

4.3 Ideals associated to Siegel points 

For finding relations between the numbers t^[^].[/3].25, wc will assign to each 
point Zj^x>Qb on the Siegel space f)2 a rank 4 Z-lattice Iz E B and a basis of 
it such that the Siegel point (P, J, U)i on this basis is z^fQe- We will then 
prove that the left order of is a maximal order 0[_4]jx)] with an embedding 
of Z[-\/]V] into it. This will imply that the number of different values (up to a 
sign) for n^AUBiv is at most h{ON)H . 

Proposition 46 There exists u and v in B such that: 

• Tt{uv) = 0, Tr{u) = and Tr{v) = 

• N(m) = |A^| 

• N{v) = \D\ 

• u and V are in a maximal order R of B 

Proof. Since |A^| = 3 mod 4, we can assume B = {—1,N). Choosing u = j 
it is clear that Tt{u) = and N(u) = \N\, hence we are looking for v in B 
such that Tr{uv) = 0, Tr(t;) = and N{v) — \D\. This conditions forces v to 
have the form v — xi + yk and we are looking for an integer solution of the 
quadratic equation: 

x^ + \N\y'' - \D\z'' = (34) 

We can assume that the solution is primitive (i.e. gcd{x, y, z) = 1). If {x, y, z) is 
a solution, clearly gcd{z, N) = 1 = gcd{x, N) and gcd{x, D) = 1 = gcd{y, D). 
To prove the existence of such a solution we use the Hasse- Minkowski principle. 
Clearly (34) has a non-zero solution over M, so we need to prove the existence 
of local non-zero solutions for all primes. We consider the different cases: 

• For a prime p ^ N and p ^ D the quadratic form clearly has a local solution 
(see [12] corollary 2, page 6). 

• For the prime lA^^j by Hensel's Lemma it is enough to look for solutions of 
(34) modulo |A^|: 

x"^ - \D\z'^ = mod |A^| iff {xz'^f = \D\ mod \N\ 
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This equation has solution if and only if (j^) — 1- By the quadratic reci- 
procity law and the fact that |A^| = 3 mod 4 this last condition is equivalent 
to asking that \D\ sphts in Q(\/iV) which is the case. 
For the prime \D\, looking at (34) modulo \D\: 

+ |iV||/=^ = mod \D\ iff iV = {xy~^f mod \D\ iff j = 1 



Which is the case since \D\ splits in Q(\/iV). 

Given u and v as before, consider the rank 4 Z-lattice R = (l.u.v.uv). It is 
easy to see that R is actually an order, hence contained in a maximal one. □ 

Remcirk: if we define R—{1, ^,v, (^) v) it is easy to see that this is also 
an order. The advantage of this order is that it contains an embedding of the 
ring of integers of Q(-\/]V), but is not maximal. 



2a b 
b 2c 



Let Zj^^Qb = { ^201^ ) I I ) ''^ ^ proposition 46 (choosing 

u — j). Define 



If we denote the embedding of Q(vA^) into B and ip the embedding of 
Q(\/D) into B with (j){-\fN) = u and ip{^/D) = v and choosing the basis 
B = {vi,V2) (where in our notation vi = and V2 = a) then the ideal 1^ 

was defined by: 



If we forget the specific basis, and think of just as a rank 4 Z-lattice in B 
it is given by h = (^) ^l^{^^D)m)M^))■ 

Proposition 47 The element is in the left order of Iz- 

Proof. This is an easy but tedious computation. We will just give the coordi- 
nates of the product of with each element of the basis of 1^ (given above) 
as a linear combination. 



i±i)a= [6ai,-2aai,0, ^]. 
{^) (^) = [-2cai,6ai,^,0] 

a^ = [^,0,2aci,6ci]. 

2 J \2ai\D\J \ 2 
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Proposition 48 The element aiv is in the left order of Iz- 



Proof. Since B is an ideal, it is clear that v{w3,W4) C {w^jiu^). By the way 
we choose v, it satisfies vj = —jv, then 



For the part corresponding to the first two elements of Iz note that they can 
be written as (207101) ^('^) ^^'^ (^Tjoi) ^ ('^)' ^ ideal, vB C B 

and the assertion follows from equation (36). □ 



Corollary 49 The order R — {l,^,aiv,^aiv) is contained in the left 
order of Iz and has discriminant {a\NDY or index aWD\ in a maximal order. 



Proof. It is clear that R is in the left order of Iz by the previous two propo- 
sitions. It is also clear that it is an order. To compute its discriminant, note 
that the bilinear matrix associated to it is: 



2 1 
1 i-Af 













2al\D\ al\D\ 
al\D\ al\D\^-^ 



Then note that the index in a maximal order (which has discriminant A^^) is 
the square root of the discriminant. □ 



Theorem 50 Let U he the complex multiplication associated to 



Then 



the Siegel point (P, J, U)j^ associated to the ideal Iz in the given basis is Zj^f,QB- 



Proof. This is a straightforward computation so we omit the details. Just 
check that the given basis of Iz is symplectic, i.e. that the matrix J{x, y) 



in the given basis is a multiple of the matrix 




(since J(a;, y) is 



skewsymmetric there are half the conditions to check), and that the matrix 
U associated to the point z^ffQs is the same as the complex multiplication 
matrix on J^. □ 

Theorem 51 The lattice Iz is an ideal for a maximal order. 
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Proof. The strategy is to prove that the quadratic form associated to the 
ideal is locally equivalent to the maximal order one for all primes. We need 
the next lemma: 

Lemma 52 The quadratic form associated to the lattice 1^ has discriminant 

Proof. The bilinear form is the same as the Siegel point z_/^x>Qb hence its 
bilinear form matrix is: 

^ ^ / 2c,Qb hh ^ 
\ bj2 2aiDQ^\ 

Since Qi3 has determinant D, it is an easy computation to prove that the 
determinant of this matrix is A^^ (using that b1 — AaiCi\D\ = N). □ 

A maximal order for B = (—1, N) is given by O = (^^j ^) (^^^ Propo- 

sition 5.2, page 369 of [11]), then it is easy to compute the matrix of the 
quadratic form trace and to check that it has discriminant iV^, and is an im- 
properly primitive integral form. Since the discriminant of both forms is a 
unit for all primes p ^ \N\ then they are locally equivalent (see Corollary of 
Theorem 3.1 of [2], page 116). Hence {Iz)p is locally principal for all primes 
p^\N\. 

For the ramified prime, D^I^) = hence it is locally principal. Locally prin- 
cipal ideals have the same discriminant as their left orders hence 0;(/^) is 
maximal. □ 



4-4 Comparing Siegel Points 



If / is an ideal for a maximal order, and U a complex multiplication, the Siegel 
point associated to {U, /) is the same as the one associated to the point {U, la) 
for any a E (with the same choice of basis). Suppose two Siegel points z 
and z' have equivalent ideals and /^/, say = Iz'a for some a G B^ . Then 
since the complex multiplication is the same for all the ideals we constructed, 
the two Siegel points are equivalent by proposition 39. Let M be the matrix 
in Spi{'L) making the change of basis between 1^ and Iz'Ol. 

Lemma 53 .The matrix M is in the subgroup Ti^2- 

Proof. LetM = 1^"^^!,^ = {^^) Q and z' = (^^^^ Q' where Q and 
Q' have even diagonal. Since M sends the bihnear form associated to the ideal 
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Iz to the bihnear form associated to the ideal Iz'Ot-, 




2C2Q h2h 



1-1 





(ab\ 








/ 











By the way we choose generators, 6^ = 1 mod 4, i = 1, 2 (also 6'j = 1 mod 4, 

mod 4. Let J : = 



i = 1,2) hence 2Q 





Looking at the first 



2x2 matrix of the previous equality modulo 4 we get: 2C2A* JA+C*A+A*C+ 
2a2C*JC = 2J mod 4. In particular 4 divides the diagonal. 



a h 



2ac ad + be 



hence 4 divides the diagonal 



If^ I I then^*J^ = 

c d j \ad + bc 2bd 

of 2C2AVA and 2a2C*JC. Also A*C is symmetric hence A^C + C*A = 2A*C 
and we get that 2 divides the diagonal of A*'C. The proof for B^D is analogous 
looking at the last 2x2 matrix. □ 



Proposition 54 For fixed ideals A and V, the left order of Iza-dQb ^■^ inde- 
pendent of the ideal B. 

Proof. We know h = {(p (1^) ^{VD)l|J{B),^|J{B)). The ideal Bg := B^Zg 
is principal, hence there exists an element 5q G Lg :— Qg(-\/D) such that 



Bg = OLSg. Then ® = (0 

left order is clearly independent of B. □ 



ij{VD)^{OL),tlj{OL))5g, hence its 



Proposition 55 Let A and A' two equivalent ideals of Ok prime to V, say 
A! = aA. Then 4){a''^)Iz^T,Qs = h,, 



Proof. It is enough to prove that Izca-dQb ^ 4'{(^~^)^za-dQb- Then Iza-dQb ^ 
4>{(y-)IzaA-DQB result follows. 

Without loss of generality we may assume that A and A' are prime to each 
other, then we can choose basis such that AV ^ (a|L>|,^^) and A'V = 

/ 

{a'\D\, ^^). Then there exists M = I e Ski^) such that 




xia\D\a + X2 { ja— a\D\ 

fb-y/N\_ b-VN 
xsa\D\a + X4 a — 



(37) 
(38) 
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claim: D \ X2. li a — ^ ^al+^^/E^ -^ith ctj e Z looking at the imaginary parts 
of the above equalities we get that 



^ {2xia\D\a2 + X2{ba2 — ai)) = 
^ {2x3a\D\a2 + Xi{ha2 - a^)) = 



this implies the claim. If i3 = {wi,W2),(t){a = {'^ {'^( ^2aiD\ ^) ■?/'(a/Dwi), 

(^a(^^j^)^ ?/;(V^''^2), 0(Q!~"^)V'(wi), 0(q;~^)'0(w2)^. Since aa = a~^a' equa- 
tion (37) implies that 



Since B is an ideal, y/Dwi e B hence (l){^^j^)tlj{VDwi) e 0(q; ''^)-^z^2,Qg for 
i — 1,2. Since | X2 equation (38) can be written as 

which implies that ip{wi) e <I>{ol~^)Iza-dQb i = 1, 2. □ 

Corollary 56 // .A, A! are two equivalent ideals in Ok prime to T> then the 
ideal Izca-dQb ^'^^ ^^aA'-nQs have equivalent left orders. 

Proposition 57 Let V and V he two split prime ideals of Q[-\fN] of norms 
\D\ and \D'\ respectively such that V = jiD. Let B and B' he ideals of Q[\fD] 
and ofQ[\fD'] respectively. Then the ideals Iz^-dQe ^''^^ ^z^j^/Q^, have the same 
left order if following the notation of proposition 46 we take v' — /iv. 

Proof. We arc abusing notation while stating this theorem, since is an 
element of Q[\/iV]. We will not distinguish between an element in B or in 
Q[-\/]V] via the identification 1— > j, and the case will be clear from the 
context. 

By proposition 54 it is enough to restrict to the case B and B' principal. In 
this case we will prove that the ideals associated to them are slightly different 
and use this to prove the proposition. We can choose basis such that V — 
{\D\, '-^) and V = {\D'\, '-^). Let = ^ + ^v^. Since (^1^) G 

V and Af-i (^i^J e V, ^ e Z and ^ e Z. 
Since 6=1 the definition or the ideals is: 

• h := h„Q, = {{i^) V, (A^) (^) , H^, 1) 

• V := = ((^) V', {^) {^) . ^, 1) 
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where v and v' are the elements of norm \D\ and \D'\ respectively as in propo- 
sition 46. We will write the elements of I-jj' in the basis of I-d, the other case 
follows from symmetry. 



We cannot say that the two ideals are the same, since the numbers a and (3 
may have a 2 in the denominator, but {Iv)p = {Iv')p for all primes p ^ 2. In 
particular if we denote Ox) and Ox>' the left order of and Ix>' respectively, we 
get that {Od)p — {Ov')p for all p 7^ 2. Since the denominators are at most 2 it 
is easy to check that AOd + Z C O©', and has index at most 2^. By corollary 
49, the order R C Ot)' with index ai|-D|, which is odd. Then AOb + R — Oj)'- 
Also 40x5 + R = Oj) hence both orders are the same. □ 

By theorem 31 we know that the numbers JT-i^jjb],^ depend (up to multiplica- 
tion by ±1) on the equivalence class of A, the equivalence class of T) and the 
class of zj\x>Qb modulo ri2. If we fix the class of A and the class of T) we can 
associate ideals to the points z^t>Qb as in (35) and by Proposition 31 they all 
have the same left order. Then by Corollary 41 we get at most t{B) different 
points in the Siegel space. This imphes: 

Theorem 58 The number of different n^^^^^jg^ f, up to multiplication by ±1 in 
M. is at most h{OKYt{B), where t{B) is the type number for maximal orders. 

Note that this number is independent of the class number of Ol- With all 
these results we return and finish the proof of Theorem 6: 

Given A and [D] as before we associate to them a maximal order Oji,^\py For 
any left 0_4jxi] -ideal / we want to define the number m[^]^/(['D]). 

• If there exists a pair {T>' . B) where V G Ok is a prime ideal of norm D' 
congruent to 3 modulo 4, ~ P and B is an ideal of Q(\/— -D') such that 
I = Iz^t,,Qb^ we define m^,j([r»]) = 

The number ^2 is chosen such that mj\_j{\D\) is a complex number in the 
upper half plane union ]R>o. 

• If no such pair exists we define mj\^j{\p]) = 0. 

Proposition 59 This definition is "independent" of the equivalent class of 
the ideal A. 

Proof. By Corollary 56 if two ideal A, A' are equivalent (say A' = aA), their 
left orders are conjugate. Furthermore a bijection between left O^^pj-ideals 
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and left ideals is given by multiplication on the right by (f){a~^) (by 

Proposition 55). Since the number n^j^ ^/^^ f,, is independent of the equivalent 
class of A this map preserves the numbers {fn^A^jdV])}. □ 

Hence we think of the numbers ttij\,j{[V]) as defined on equivalence classes 
and denote them ?7t.[^]j ([!?]). 

The formula (17) says: 



^Vl-^l \lA]eciiOK)[B]eciiOL) 



To the Siegel point -z^^pQs we associate the left 0[^]jx>]-ideal Is as in (35). 
Given I a left 0[^]^[x)]-ideal, we define 



r{V,[A],I) 



E{BeOL\iB^i} n[AUB],D/mA,i{[D]) if m^,/([P]) 7^ 
otherwise 



Lemma 53 and Theorem 31 imply that if the ideals Ijs and Jg/ are equivalent, 
n[_4j [gj D = ±n[_4j p/] hence r{V, [A], I) G Z. Rearranging the sum we get: 



W\I\D\ 
as claimed □ 

Question: is it true that for any left 0[_4]^[x)]-ideal / there exists a pair {T>' , B) 
such that I ~ Iz^t,,Qb^ 

All the examples we computed show this is the case. 

Proposition 60 Let A be an ideal of Q{\^), then n^A],[B],v (^i^-d n^OKUB],^) 
differ by a unit in a quadratic extension of M.. 

Proof. Let a a be the automorphism of H corresponding to the ideal A via 
the Artin-Probenius map. Then we proved that (^^^)''^ = 
Hence n^A],[B],v = (^K^ipSSo)) Note that the quotient of 

etas squared is in H while i/jf,{A) is in T, hence ( := ( riivfi^otti^-liA) ) ^ 
quadratic extension of M.. Clearly N(C) = 1 as required. □ 
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5 The class number one case 



We study now the case of imaginary quadratic fields with class number equal 
to one. In this case n[_4] jg] are rational integers for any choice of V. There 
are just six such cases (we exclude the case = —3) so we can study all this 
cases by numerical computations. Here are some examples: 



5.1 Case -7 



This case is the easiest one since the class number in the quaternion algebra 
is also one. Then the numbers J^i^jje],© integers and differ by a unit. 

Theorem 61 Let N = —7 and V be any ideal of prime norm congruent to 3 
modulo 4. Then L^ipx), 1) 7^ 0. 

Proof. By proposition 24 we know that the number associated to an ideal 
B is the same as the one associated to B. For a prime ideal V let Q = 
ri{V)r]{OK)^^^^ where -D = N(P) and w is the number of units in Q[\/D]. 

The formula 17 for L{ijj, 1) reads: 

L{iP, 1) = ^[OkUBIv P = npK],[o^],v + 2 ^ ^[Ok1,[bi,^ ^ 

\[b]^ci{Ol) I \ [e]e$ / 

(39) 

where $ is a maximal subset of CI{Ol) such that [Ol] ^ $ and if [B] G $ 
then [B] ^ $. 

Taking the maximal order O as left O-ideal representative, we see that the 
number associated to it is 1 up to a sign, then = 1 mod 2. □ 

In the next table, we list some of the numbers [g]^ to show the behavior 
of the sign. 



D 


B 


^[^],[e],o 


11 


[1,-1,3] 


1 


23 


[1, -1, 6] 


1 


23 


[13, -17, 6] 


-1 


23 


[13, 17, 6] 


-1 


43 


[1, -1, 11] 


-1 


67 


[1, -1, 17] 


1 



38 



D 


B 


^Ul \B\ V 


71 


[1, -1, 18] 


-1 


71 


[19, 9, 2] 


-1 


71 


[19, -9, 2] 

L ' 'J 


-1 


71 


[29, 33, 10] 

L ' 'J 


1 


71 


[29, -33, 10] 


1 


71 


[43, 141, 116] 


-1 


71 


[43, -141, 116] 


-1 



5.2 Case N = -11 

In this case the quaternion algebra has type number 2 for maximal orders, so 
we get two different integers associated to different P's. Each number np^^^^^^^-^ 
will be associated to an ideal class. Let B — (—1,-11) be the quaternion 
algebra ramified at 11 and infinity. Let O := (| + 1, | + |, j, k) be a maximal 
order and / a non-principal ideal. Here is a table of ^[o^jjbj^^d different 
values of D and B, writing down the associated ideal also. 



D 


B 


'^[A],[B],V 


Ideal 


23 


[1, -1, 6] 


2 


h 


23 


[13, -17, 6] 








23 


[13, 17, 6] 








31 


[1, -1, 8] 


-2 


h 


31 


[5, 17, 16] 








31 


[5, -17, 16] 








47 


[1, -1, 12] 








47 


[7, -17, 12] 


2 


h 


47 


[7, 17, 12] 


2 


h 


47 


[17, -53, 42] 








47 


[17, 53, 42] 









Note that the number is associated to the principal ideal, while the number 
2 is associated to h. With the same reasoning as in theorem 61 we can get a 
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partial result proving that the ideals V such that zvQol associated to the 
ideal Ji have a non-vanishing L-series. 

Following the method described in [10], taking {0,li} as representatives for 
the maximal order and constructing the Brandt matrices for level 11^ we get 
that the eigenvector associated to the modular form of weight 2 and level 11^ 

is [0, 0, 0, 1, —1, 0, 0, 0, 1, —1]. The first three zeros correspond to the principal 
ideal, and the ±1 to Ji. Then the number associated to each ideal is the same 
as the one associated to it via n^^^^Q^^-^, since the eigenvector is well defined 
up to a constant. 



5.3 Case N = -163 

Let B — (—1, —163) be the quaternion algebra ramified at 163 and infinity. In 
this case, the class number for maximal orders is 14 while the type number is 
8. Consider the maximal order O := (l,i,| + |,| + |) A set of representatives 
of left 0-ideals is given by with 1^ = and 

• h := (2,2i,| + i + |,-l + | + |) 

• 73:= (3,3i,| + i + |,-l + i + |) 

• h := (3, 3i, ^ + i + §, -1 - 1 + I) 

• 75:= (6,6i,| + i + |,-l + i + |) 

• h := (6,6i^ + i + |,-l-| + |) 
. 77:=(4,4^,| + ^ + i,-l + f + f) 
. h:= (4,42,f +^ + |,-l-f + 1) 

• 79:= (6,6^,1 + ^ + 1,-1 + 1 + I) 

• 7io := (6,6i,^ + i + |,-l-f + f) 

• hi 5, 5i, I + 2i + |, -2 + i + I) 

• 7i2 (5, 5i, ^ + 2i + i, -2 - I + |) 
. 7i3:=(7,72,| + 3. + f,-3 + f + |) 

• /i4 := (7, 7i, ^ + 3i + §, -3 - I + I) 

The pairs of ideals (72j+i, 72^+2) with j = 1, . . . , 6, have the same right order, 
hence each pair will have the same integer associated. For the table we consider 
the range of primes between 150 and 200 so as to get all the ideals {7^} 
associated to some number n^o^j [gj^^. The table is: 



D 


B 




Ideal 


151 


[1, -1, 38] 


20 


72 


151 


[29, 9, 2] 


14 


^8 


151 


[29, -9, 2] 


14 


h 
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D 


B 




Ideal 


151 


[11, -5, 4] 


8 


/l3 


151 


[11, 5, 4] 


8 


lu 


151 


[43, 137, 110] 

L ' ' J 


4 


lu 


151 


[43, -137, 110] 


4 


lu 


167 


[1, -1, 42] 





h 


167 


[157, 33, 2] 


-20 


h 


167 


[157, -33, 2] 


-20 


h 


167 


[61, 65, 18] 

L ' 'J 


-2 


h 


167 


[61, -65, 18] 


-2 


h 


167 


[29, 93, 76] 


-10 


h 


167 


[29, -93, 76] 


-10 


h 


167 


[127, -177, 62] 

L ' 'J 


-14 


h 


167 


[127, 177, 62] 


-14 


h 


167 


[19, -21, 8] 


-12 


h 


167 


[19, 21, 8] 


-12 


ho 


179 


[1, -1, 45] 





h 


179 


[19, 45, 29] 


2 


h 


179 


[19, -45, 29] 


2 


h 


179 


[13, 17, 9] 


4 




179 


[13, -17, 9] 


4 


hi 


199 


[1, -1, 50] 





h 


199 


[31, -69, 40] 


-20 


h 


199 


[31, 69, 40] 


-20 


h 


199 


[43, -133, 104] 


-4 


h2 


199 


[43, 133, 104] 


-4 


hi 


199 


[13, 29, 20] 

L " 'J 


-14 


h 


199 


[13, -29, 20] 


-14 


h 


199 


[131, 453, 392] 


-8 


h4 


199 


[131, -453, 392] 


-8 


hs 
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The eigenvector for the Brandt matrices corresponding to the form of weight 
2 and level 167^ is given by the vector [0. 10. h L 5, -5, 7, -7, -6, 6, 2, 2, -4, 4] 
with respect to the maximal order representatives {Ij}- 

Considering all the class number 1 imaginary quadratic fields (the computa- 
tions being the same in all cases), we can prove: 

Theorem 62 Let E be a CM elliptic curve over Q of level . Then the 
coordinate of the eigenvector of the Brandt matrices associated to E on the 
place corresponding to an ideal I is given up to a sign by ^[o^l./ll^])- 

References 

[I] Joe Buhler and Benedict Gross, Arithmetic on elliptic curves with complex 
multiplication II Inventiones mathematicae 79, 11-29 Springer- Verlag 1985 

[2] J. W. S. Cassels, Rational Quadratic Forms Academic Press Inc. (London) LTD 
1978 

[3] Martin Eichler, The Basis Problem, for Modular Forms and the Traces of the 
Hecke Operators Lecture Notes in Mathematics 320, 75-151 Springer- Verlag 
1973 

[4] Benedict Gross, Arithmetic on Elliptic Curves with Complex Multiplication 
Lecture Notes in Mathematics vol. 776. Berlin Heidelberg New York: Springer 
1980 

[5] Benedict Gross, Heights and the Special Values of L-series Conference 
Proceedings of the CMS Vol. 7, 115-187 AMS 1986 

[6] Farshid Hajir and Fernando Rodriguez- Villegas, Explicit elliptic units, I Duke 
Mathematical Journal v. 90, No 3 Duke University Press 1997 

[7] Erich Hecke, Mathematische Werke Auftrage der Akademie der Wissenschaften 
zu Gottingen Vandenhoeck Sz Ruprecht 1959 

[8] David Mumford, Tata Lectures on Theta I Progress in Mathematics v. 28 
Birkhauser 1983 

[9] Andrew Ogg, Modular Forms and Dirichlet Series New York, W. A. Benjamin, 
1969 

[10] Ariel Pacetti and Fernando Rodrigeuz- Villegas Computing weight 2 modular 
forms of level p^ To appear in Math. Comp. 

[II] Arnold Pizer, An Algorithm for Computing Modular Forms on ro(A'^) Journal 
of Algebra 64, 340-390 (1980) 

[12] Jean-Pierre Serre, A course in Arithmetic, Graduate text in mathematics. 
Berlin: Springer, 1973 



42 



[13] Goro Shimura, Abelian varieties with complex multiplication and modular 
functions Princeton Mathematical Series, 46 Princeton University Press 1998 

[14] Goro Shimura, On the Holomorphy of certain Dirichlet Series Proceedings of 
the London Mathematical Society (3) 31 (1975) 79-98 

[15] Harold Stark, L-Functions at s=l. IV. First Derivatives at s=0 Advances in 
Mathematics 35, 197-235 (1980) 

[16] Marie France Vigneras, Arithmetique des Algebres de quaternions Lecture Notes 
in Mathematics 800. Springer- Verlag 1980 

[17] Fernando Rodriguez- Villegas, On the square root of special values of certain 
L-series, Inventiones Mathematicae 106, 549-573 Springer- Verlag 1991 

[18] Jean Loup Waldspurgcr, Correspondance de Shimura Journal Math. Pures 
Appl. (9) 59, 1-132 (1980) 

[19] Lawrence Washington, Introduction to Cyclotomic Fields Graduate text in 
mathematics. Springer- Verlag 1982 



43 



